Ecological theories of biodiversity seek to predict and unify patterns of commonness and rarity across taxa. The maximum entropy theory of ecology (METE) is among the most unifying 10 theories of biodiversity, explaining >90% of variation in abundance among species of plant animal using the total number of individuals (N 0 ) and number of species as empirical inputs. 12
Introduction 26
A primary goal of biodiversity theory is to predict patterns of biodiversity across evolutionarily distant taxa and scales of space, time, and abundance (Brown 1995 , Hubbell 2001 McGill 2010, Harte 2011) . Among the most universal of these patterns is the observation that few species in most ecological communities are highly abundant, while most are relatively rare, 30
i.e., the canonical hollow-curve species abundance distribution (SAD) (McGill et al. 2007 ). The ubiquity of this pattern is a unifying assertion of biodiversity theory (McGill 2010) and 32 explaining it has been a focus of community ecology, macroecology, and biogeography theory for decades (Whittaker 1972 , Hubbell 2001 , McGill et al. 2007 ). While SADs are often predicted 34 as the result of resource partitioning, dispersal limitation, demographic stochasticity, competition and coexistence, the most successful models often have purely statistical explanations (e.g., 36
Fisher et al. 1943, Preston 1948, Harte 2011). 48
Among the various MaxEnt frameworks, the maximum entropy theory of ecology (METE) of Harte (2011) has been the most successful in predicting the SAD and in coupling it to 50 (MacArthur 1960) and the Zipf distribution (Zipf 1949) . The Broken-stick model is also a 76
MaxEnt prediction (Haegeman and Etienne 2010) based on N 0 and S 0 but produces one of the most even forms of the SAD. In contrast, the Zipf distribution predicts a highly uneven SAD as 78 the result of a power-law. While a previous study predating modern sampling methods and large molecular surveys has suggested that the Zipf provides a good characterization of microbial 80 SADs, the authors were not able to test the prediction of METE and we cannot account for their method of fitting the Zipf and whether it conformed to best practices (see White et al. 2008) . 
METHODS 88

Data
We used bacterial and archaeal community sequence data from 20,456 sites. 14,962 of 90 these sites were from the Earth Microbiome Project (EMP) (Gilbert et al., 2014 ) obtained on 22 August, 2014. Sample processing and sequencing of the V4 region of the 16S ribosomal RNA 92 gene are standardized by the EMP and all are publicly available at www.microbio.me/emp. The EMP data consist of open and closed reference datasets, which are defined in the QIIME tutorial 94 (http://qiime.org/tutorials/otu_picking.html) as follows. QIIME defines closed-reference as a classification scheme where any reads that do not hit a sequence in a reference collection are 96 excluded from analysis. In contrast, open-reference refers to a scheme where reads that do not hit a reference collection are subsequently clustered de novo and represent unique but unclassified 98 taxonomic units. Our main results are based on closed-reference data, due to the greater accuracy of the approach and because unclassified sequences were excluded from other microbial datasets(below). However, we also examined the open-reference dataset, the results of which are consistent with our main findings (see Supplemental file). 102
We also used 4,303 sites from the Data Analysis and Coordination Center (DACC) for the National Institutes of Health (NIH) Common Fund supported Human Microbiome Project 104 (HMP). These data consisted of samples taken from 15 to 18 locations (including the skin, gut, vagina, and oral cavity) on each of 300 healthy individuals. In each sample the V3-V5 region of 106 the 16S rRNA gene was sequenced and analyzed using the mothur pipeline (Turnbaugh, et al., 2007) . We excluded sites from pilot phases of the HMP as well as time-series data; see 
METE 138
The maximum entropy theory of ecology (METE) (Harte et al. 2008 , 2009 , Harte 2011 is based on two empirical inputs: species richness (S 0 ) and total abundance (N 0 ). These, along 140 with an inferred rate of community-level metabolism (E 0 ), form the state variables of METE.
Four constraints are produced from these state variables. These are the average number of 142 individuals per species (N 0 /S 0 ), the average per species metabolic flux (ε = E 0 /S 0 ), and the constraints that no species has more than N 0 individuals or a greater total metabolic rate than E 0 . 144
The energetic constraint ε is eventually integrated out, which leaves the predicted SAD independent of ε, meaning that METE predicts only a single form of the SAD for a given 146 combination of N 0 and S 0 .
The prediction of METE is based on a joint conditional probability distribution that 148 describes the distribution of individuals (n) over species and of metabolism (ε) over individuals within a species (Harte et al. 2008 , Harte 2011 ). Entropy of the distribution is then maximizedaccording to the method of Lagrange multipliers (Harte 2011) . The SAD is then derived by integrating out energy and dropping terms that are vanishingly small. This approach, in fact, 152 yields the log-series distributions of Fisher et al. (1943) . As it happens, the log-series is among the oldest and most successful SAD models. In this case, METE predicts the shape of the SAD 154 by calculating the probability that the abundance of a species is n given S 0 and N 0 : 
The geometric distribution is not to be confused with the geometric series of Motomura (1932); though it often is. Cohen (1968) shows that the geometric distribution is equivalent to discrete 176 SBS, both of which, are known MaxEnt solutions when the predicted distribution is hardconstrained to have N 0 unlabeled individuals among S 0 labeled species (Harte et al. 2008 , 178
Haegeman and Etienne 2010).
180
Zipf distribution
The Zipf-distribution (Zipf 1949 ) is based on a power-law for frequencies of ranked data and is 182 characterized by one free parameter (α), where the frequency of the k th rank abundance is 
192
Computing code
We used open source computing code for obtaining the maximum-likelihood estimates for the 194 geometric distribution, the prediction of METE (i.e. the log-series distribution), and the Zipf distribution (github.com/weecology/macroecotools, https://github.com/weecology/METE). 
Testing MaxEnt predictions 202
Both METE (which predicts a log-series distribution) and the Broken-stick (i.e., the geometric distribution) can produce predictions for the rank-abundance form of the SAD. This 204 form of the SAD is simply a vector of species abundances ranked from greatest to least. Both predictions yield the same value of S that is given as the empirical input. This means that the 206 observed and predicted SADs can be directly compared (rank-for-rank) using regression analyses to reveal the percent variation explained by each model (METE, Broken-stick). 208
We generated the predicted forms of the SAD using the code of White et al. 
220
RESULTS
SAD predictions from the maximum entropy theory of ecology (METE) generally 222
explained 0-60% of variation in abundance among microbial species from microbiome projects, i.e., EMP and HMP (Fig 1, Fig S1-S2 , Table 1 ). This is a poor degree of explanatory power 224 considerably better for MG-RAST datasets, often explaining 60-70% of variation, though the Zipf distribution consistently explained more (~87%) (Fig 1, Fig S1-S2, Table 1) . Likewise, the 228 The percent cutoff for sequence similarity used to cluster 16S rRNA reads into taxonomic 234 units had no effect on the explanatory power of SAD models (Table 1) . However, across distribution) to under-predict the dominance of the most abundant species and to over predict the abundance of the rarest. In effect, while it has been well-known that the Broken-stick predicts an 250 overly even SAD, it appears that, for microbes, METE suffers from the same shortcoming.
Ecologists familiar with research on the microbial "rare biosphere" may have anticipated this 252 outcome, as SADs from samples of microbial communities and microbiomes appear to have exceptionally uneven forms (Reid and Buckley 2011). 254
In contrast, we found that the Zipf distribution generally out-performs METE in explanatory power and that the performance of the Zipf increased with greater N 0 . However, it 256 also appears that the Zipf distribution often over-predicts the abundance of the most abundant taxa. In a study predating ultra high throughput sequencing methods and large-scale microbiome 258 surveys, the Zipf-distribution was shown to provide the best fit of any general model to microbial SADs of pristine and polluted soils, and typically had an exponent between -1. files for that study appear to be inaccessible due to a failed link, so we cannot say how many 264 communities the authors sampled or what methods they used for modeling. However, we found close agreement to this earlier study when using over 20,000 samples of microbial communities 266 from a diverse array of natural and host-associated ecosystems.
METE's success is heavily influenced by one of its primary state variables (N 0 ). As a 268 result, increasing N 0 causes METE as well as the Broken Stick to fail more severely. Importantly, these conditions also characterize numerical differences between microbial and macrobial SAD 270 datasets. That is, N 0 for microbial datasets often represents tens of thousands to millions of processed rRNA reads. In contrast, N 0 for macrobial SADs typically ranges from a few hundred 272 to a few thousand individual organisms. In short, METE might fail for microbes because it simply fails with increasing N 0 . The consequence of this finding is two-fold: First, METE either 274 fails for microbes or when N 0 exceeds a few tens of thousands. Second, our findings suggest an increasing disparity in abundance for greater N 0 that one of the most accurate and unifying 276 theories of biodiversity theory fails to track.
While it is surprising to see the Broken-stick and METE fail so greatly in predicting 278
SADs among microorganisms, the failure of these models was not unforeseeable. It has been shown that as N 0 increases, the evenness of the SAD can be expected to decrease as a result of 280 numerical constraints (Locey and White 2013) . In the same way, as average abundance (N 0 /S 0 ) increases, the evenness of the SAD can be expected to naturally decrease . In 282 both cases, constraints on the form of the SAD imposed by N 0 and N 0 /S 0 lead to increasingly uneven SADs that outstrip the highly even form predicted by the Broken-stick (i.e. the geometric 284 distribution) as well as the form predicted by METE (i.e. the log-series distribution). Still, it remains to be seen whether the inability of METE to predict microbial SADs is entirely driven 286 by numerical constraints.
Our study suggests that highly uneven SADs are driven by mechanisms that lead to high 288 to overall greater N 0 . Consequently, the failure of the Broken-stick and METE may owe as much to the statistical influence of N 0 as to the ecological mechanisms that cause differences in 296 abundances among specific species.
Our study suggests that ecology lacks a theory of biodiversity that captures the 298 increasingly uneven nature of SADs with increasing N 0 . Until now, ecology may have lacked an appropriate model to predict abundances when N 0 scales beyond a few tens of thousands, as is 300 common in microbial community datasets. Yet, while the Zipf seems to perform better with increasing N 0 it is known to provide a relatively poor fit among communities of macroscopic 302 organisms (Baldridge et al. 2015) . Consequently, a greater synthesis is needed to establish a maximum entropy theory of ecology that works across scales and is not limited to predicting the 304 log-series. Fortunately, it has been shown that the Zipf-distribution also has a MaxEnt solution 
Conclusion 310
The maximum entropy theory of ecology (METE) provides a first-principle framework for predicting biodiversity patterns based solely on small numbers of universal empirical inputs. 312
Yet, it is clear from our study that METE will fail for communities of very large N 0 , such as microbiomes where sampled N 0 is increasingly numbered in the millions. Consequently, while 314 microbial SADs appear to be exceptional in their unevenness, we cannot conclude whether the cause is due to biological factors that drive rarity independent of their influence on N 0 . It may be 316 the biology which allows microbes to attain such high degrees of N 0 , which then drives the SAD through statistical constrain-based mechanisms towards decreasing evenness. 318
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